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One of the limitations to the quantum computing capability of a continuous-variable system is
determined by our ability to cool it to the ground state, because pure logical states, in which we
accurately encode quantum information, are conventionally pure physical states that are constructed
from the ground state. In this work, we present an alternative quantum computing formalism that
encodes logical quantum information in mixed physical states. We introduce a class of mixed-state
protocols that are based on a parity encoding, and propose an implementation of the universal
logic gates by using realistic hybrid interactions. When comparing with the conventional pure-state
protocols, our formalism could relax the necessity of, and hence the systemic requirements of cooling.
Additionally, the mixed-state protocols are inherently resilient to a wider class of noise processes,
and reduce the fundamental energy consumption in initialisation. Our work broadens the candidates
of continuous-variable quantum computers.
Introduction– Quantum computers are expected to
outperform classical computers in a wide class of appli-
cations such as factoring large numbers, database search-
ing, and simulating quantum systems [1]. The basic log-
ical unit of quantum information is usually a two-level
system that can be prepared in an arbitrary superposi-
tion state (qubit). A suitable platform for implementing
quantum computers should exhibit ‘well characterised’
physical states for representing the qubit bases |0L〉 and
|1L〉 [2]. In continuous-variable (CV) quantum systems,
such as cavity modes of electromagnetic wave, mechanical
oscillators, and spin ensembles [3–7], there is no standard
representation of a qubit because each physical degree of
freedom (qumode) consists of an abundance of evenly-
spaced energy eigenstates. Different CV encodings have
been invented to represent a qubit as a superposition of
Fock states, coherent states, cat states, superpositions of
squeezed states, and else [8–19].
Despite their differences in detail, all the existing en-
codings (pure-state encodings) commonly require a pure
logical state qubit to be represented by a pure physical
state, which is usually prepared from the ground state
of a qumode. If the qumode frequency is high, a near-
ground state with negligible thermal excitation can be
obtained by lowering the background temperature [20].
Whereas a low frequency qumode has to be cooled by
additional processes, e.g., using feedback controls or cou-
pling to dissipative auxiliary systems [4, 21–36]. Despite
some remarkable success, ground-state cooling remains
challenging for some CV systems due to the lack of ap-
propriate internal structure, absorption heating induced
by the cooling laser, and other limitations of apparatus
and system. The ability of achieving ground-state cooling
is therefore deemed an important criterion for discrimi-
nating CV candidates of a quantum computer.
Nevertheless, quantum computers could be imple-
mented in a wider range of CV systems if the require-
ments of pure physical states, and thus ground-state cool-
ing, are relaxed. In fact, there are three pieces of evidence
in the literature that hint at CV mixed-state universal
quantum computation (MSUQC). In Refs. [37, 38], Jeong
and Ralph discovered a macroscopic quantum property
that can be observed from the superposition of displaced
thermal states. Although such quantumness can be ap-
plied in quantum teleportation and verifying Bell’s in-
equality, the implementation of universal logic gates is
unknown. In Ref. [39], Grace et. al. discussed the gen-
eral criteria for MSUQC. However, deriving an explicit
CV protocol is not obvious based on their results, and we
will show later that the example considered in this refer-
ence is only trivially mixed. In Ref. [40], Lau and Plenio
proposed two explicit CV protocols of universal quantum
computation that require only partial knowledge about
the encoding states. However, these protocols require
the preparation of copies of states, so they cannot be
implemented with thermal states which are uncorrelated
among qumodes.
In this work, we affirm the possibility of CV MSUQC
by designing a class of explicit protocols that pure logi-
cal qubits are encoded in mixed-state qumodes. We note
that when comparing to early mixed-state quantum com-
puters that are not scalable, such as the nuclear magnetic
resonance implementations [41], and mixed-state applica-
tions that perform only specific tasks, like the determin-
istic quantum computation with one pure state [42, 43],
our protocols are both scalable and universal.
Mixed-State Quantum Computation– In pure-state uni-
versal quantum computation, a pair of orthogonal physi-
cal states, Q = {|ψ0〉, |ψ1〉}, is first specified as the qubit
basis. These basis states are associated with two logical
operators that resemble the algebra of Pauli operators,
i.e., ZˆL|ψi〉 = (−1)i|ψi〉, XˆL(|ψ0〉± |ψ1〉) = (|ψ1〉± |ψ0〉),
and (XˆLZˆL + ZˆLXˆL)|ψi〉 = 0, for both i = 0, 1 [44].
Universal quantum computation is implemented by the
physical operations,
UˆX(θ) = e
iθXˆL , UˆZ(θ) = e
iθZˆL , UˆZZ(θ) = e
iθZˆL⊗ZˆL .
(1)
The first two operations constitute arbitrary angle single
2logical qubit rotation, and the last operation is the logical
entanglement gate. The computational result is readout
by a ZˆL measurement that distinguishes |ψ0〉 from |ψ1〉.
Instead of restricting to only one basis pair,
MSUQC allows multiple pairs of basis states, Qn =
{|ψ(n)0 〉, |ψ(n)1 〉}, where 〈ψ(m)i |ψ(n)j 〉 = δmnδij [39]. The
mixed-state logical operators are given by ZˆL =
∑
n Zˆ
(n)
L
and XˆL =
∑
n Xˆ
(n)
L , where Zˆ
(n)
L = |ψ(n)0 〉〈ψ(n)0 | −
|ψ(n)1 〉〈ψ(n)1 | and Xˆ(n)L = |ψ(n)0 〉〈ψ(n)1 |+ |ψ(n)1 〉〈ψ(n)0 |. The
logical operators perform the same Pauli algebra on each
basis pair, i.e., ZˆL|ψ(n)i 〉 = (−1)i|ψ(n)i 〉, XˆL(|ψ(n)0 〉 ±
|ψ(n)1 〉) = (|ψ(n)1 〉 ± |ψ(n)0 〉), and (XˆLZˆL+ ZˆLXˆL)|ψ(n)i 〉 =
0, for any n and i = 0, 1. The universal logic gates can be
physically implemented by the same way as in Eq. (1).
The computational result is readout by a ZˆL measure-
ment that distinguishes {|ψ(n)0 〉} from {|ψ(n)1 〉}, but the
identification of an individual state is not necessary.
The main idea of MSUQC is that all logical processes
are identical for each basis pair, so it is not necessary
to know the basis in which quantum information has en-
coded. As an illustration, we consider a general pure-
state K-qubit computational task whose initial state is
|Ψ0〉 ≡
⊗K
k=1 |ψ0〉Lk ; the subscript Lk denotes the affil-
iation to the kth logical qubit. The algorithm is spec-
ified by a transformation U , which is a functional of
the logical operators of each qubit. The result of the
task is A = |〈Ψ0|U|Ψ0〉|2, which is the projective mea-
surement probability of
⊗K
k=1 (ˆILk + ZˆLk), where Iˆ is
the identity operator. In MSUQC, the initial state is
ρ0 =
∑
~n p~n|Ψ~n0 〉〈Ψ~n0 |, where ~n = {n1, . . . , nK}; nk is the
basis index of the kth qubit; |Ψ~n0 〉 ≡
⊗K
k=1 |ψ(nk)0 〉Lk .
The mixedness comes from the unknown probabilities p~n
that satisfy
∑
~n p~n = 1. Because the mixed-state logi-
cal operations preserve and perform identically on each
basis, the final measurement probability is the same for
every ~n. Therefore the mixed-state computational result
is Tr
{Uρ0U†(∑~n |Ψ~n0 〉〈Ψ~n0 |)
}
=
∑
~n p~n|〈Ψ~n0 |U|Ψ~n0 〉|2 =∑
~n p~nA = A, which is identical to the pure-state case.
Detail is given in Appendix I.
Parity Encoding and Variants– The practical challenge
of CV MSUQC is to realise the universal logic gates
with existing interactions. For instance, if each ba-
sis pair is formed by consecutive Fock states, QFockn =
{|2n〉, |2n+ 1〉}, ZˆL is then the parity operator of which
the exponentiation can be implemented efficiently. Un-
fortunately, we could not find an efficient implementa-
tion of XˆL-related operations for this encoding, nor any
single-qumode encoding that the universal logic gates can
be implemented efficiently.
Alternatively, we propose a two-qumode parity (TQP)
encoding that each basis pair is opposite parity
Fock states of two qumodes, i.e., QFockmn = {|2m +
1〉|2n〉, |2n〉|2m+1〉} for any non-negative integer m and
n. For the kth logical qubit that is composed of the
(2k − 1)th and (2k)th qumodes, the logical operators
are ZˆLk = Pˆ2k and XˆLk = Sˆ2k−1,2k, where the single-
qumode parity operator is Pˆi ≡
∑∞
n=0(−1)n|n〉i〈n|i =
exp(iπaˆ†i aˆi); the swap operator Sˆij is defined by the ac-
tion Sˆij aˆiSˆ
†
ij = aˆj for any i and j; aˆi is the annihilation
operator of the ith qumode. Any state |ψ〉Lk in QFockmn
satisfies Pˆ2k−1Pˆ2k|ψ〉Lk = −|ψ〉Lk . It is straightforward
to check that the algebra of Pauli operators is respected.
Because the parity and swap operators are Hermitian,
in principle the universal logic gates in Eq. (1) can be im-
plemented by applying the interactions with the Hamil-
tonians HZ ∝ Pˆ, HX ∝ Sˆ, and HZZ ∝ Pˆ ⊗ Pˆ. To the
best of our knowledge, however, these interactions have
not been realised in any CV system yet. Alternatively,
the logic gates can be implemented by applying beam-
splitter and phase-shift operations, together with the sec-
ond order hybrid interaction of which the Hamiltonian is
H2 ∝ ZˆAaˆ†aˆ, where ZˆA is the Pauli Z operator of an aux-
iliary qubit A (See Appendix II and Refs. [40, 45, 46]),
Cˆ2kRˆX(θ)Cˆ2k|+〉A|ψ〉Lk = |+〉AUˆZ(θ)|ψ〉Lk ,
Bˆ†kCˆ2kRˆX(θ)Cˆ2kBˆk|+〉A|ψ〉Lk = |+〉AUˆX(θ)|ψ〉Lk , (2)
Cˆ2lCˆ2kRˆX(θ)Cˆ2kCˆ2l|+〉A|ψ〉LkLl = |+〉AUˆZZ(θ)|ψ〉LkLl .
|ψ〉LkLl is the four-qumode physical state of the kth
and lth logical qubits. Cˆi ≡ exp(iπ2 (ˆIA − ZˆA)aˆ†i aˆi) is
the controlled-parity operator acting on the ith qumode;
Bˆk ≡ exp(π4 (aˆ2kaˆ†2k−1 − aˆ†2kaˆ2k−1)) is the 50:50 beam
splitter between the two qumodes of the kth logical
qubit. The auxiliary qubit state is the same as |+〉A =
(|0〉A+ |1〉A)/
√
2 before and after all operations; Rˆσ(θ) ≡
exp(iθσˆA) is the rotation of the auxiliary qubit along the
Pauli σ axis.
Measuring the parity of the (2k)th qumode is equiva-
lent to a ZˆL measurement of the kth logical qubit. The
parity of any qumode state |Ψ〉 can be measured destruc-
tively [47], or by using nondemolition techniques with an
auxiliary qubit, i.e., after controlled-parity is applied,
Cˆi|+〉A|Ψ〉i = |+〉A(ˆIi+ Pˆi)|Ψ〉i/2+ |−〉A(ˆIi−Pˆi)|Ψ〉i/2 ,
(3)
measuring the auxiliary qubit in the Pauli X basis will
project |Ψ〉 to a state with definite parity. A circuit dia-
gram of the above logical processes is shown in Fig. 1.
The TQP encoding can generate a class of mixed-state
encoding that the basis states are QVmn =
{Vˆ(|2m +
1〉|2n〉), Vˆ(|2n〉|2m+1〉)}, where Vˆ can be any two-mode
unitary. In analogy to pure-state encodings, different
mixed-state encodings could provide certain benefits due
to their differences in the responses to environmental
noise and in the required interactions for implementa-
tion. For instance, UˆZ(θ) of Q
V
mn can be implemented
in a similar way as Eq. (2), except that Cˆ is replaced by
VˆCˆVˆ† = exp(iπ2 (ˆIA − ZˆA)Vˆ aˆ†aˆVˆ†). This operation is im-
plemented by the hybrid interaction HV ∝ ZˆA(Vˆ aˆ†aˆVˆ†),
3{
{
Measurement
FIG. 1. Circuit diagram of logical processes. Dotted boxes from left to right: unitary gates UˆX(θ), UˆZ(θ), UˆZZ(θ) in
Eq. (2), and parity measurement in Eq. (3). The auxiliary qubit, which remains in |+〉A after each unitary gate, can be reused
afterwards.
instead of H2. Therefore, engineering an interaction ex-
actly as H2 is not necessary, but a wider range of inter-
action is applicable in implementing MSUQC.
Initialisation– Before computation, each qumode is in
the thermal state, ρth = (1 − e−β)
∑∞
n=0 e
−nβ|n〉〈n|,
where e−β = 〈n〉〈n〉+1 ; 〈n〉 is the mean thermal ex-
citation [48]. In the initialisation stage, the parity
measurement in Eq. (3) is conducted to project each
qumode to either an even parity state, ρeven = (1 −
e−2β)
∑∞
n=0 e
−2nβ |2n〉〈2n|, or an odd parity state, ρodd =
(1−e−2β)∑∞n=0 e−2nβ|2n+1〉〈2n+1|. After rearranging
the qumodes, TQP qubits are initialised that each con-
sists of one ρeven and one ρodd, i.e., ρ0 ≡ ρodd ⊗ ρeven,
which represents the logical |0L〉 in the QFockmn basis.
Triviality of Mixedness– In general, being able to en-
code pure logical qubits in mixed physical states is not
surprising. As illustrated in Fig. 2, a pure-state qubit
can always be augmented to a mixed-state qubit if non-
interacting mixed-state physical degrees of freedom are
included in the qubit system. The total system entropy
of such a mixed-state qubit, which we regard as trivially
mixed, is equal to the thermal equilibrium entropy of all
but one physical degree of freedom. For example, the
mixed-state qubit considered in Ref. [39] is a molecule
in which the information is encoded in a pure electronic
state, while the mixed vibrational state is not involved
in the logical processes. This molecular qubit is trivially
mixed because the total system entropy is solely provided
by the vibrational degree of freedom.
A two-qumode qubit is trivially mixed only if it con-
sists of a pure-state qumode and an non-interacting ther-
mal state qumode. The von Neumann entropy of a
trivially-mixed two-qumode qubit is, S(ρth) = (〈n〉 +
1) log2(〈n〉 + 1) − 〈n〉 log2〈n〉. On the other hand, the
entropy of a TQP qubit is
S(ρ0) = 2(n˜+ 1) log2(n˜+ 1)− 2n˜ log2 n˜ , (4)
where n˜ = 〈n〉
2
2〈n〉+1 . When 〈n〉 & 0.8, we have S(ρ0) >
S(ρth), which shows that the TQP qubit is non-trivially
mixed.
Implementation Requirements– Because initialising
pure physical states is not necessary, MSUQC removes
Pure-State
Qubits
Trivial Mixed-
State Qubits
Non-trivial Mixed-
State Qubits
FIG. 2. Left: Conventional quantum computers consist
of pure-state qubits (solid circles with arrows) that interact
(dotted lines) with each others during computation. Middle:
Each qubit can be viewed as a mixed state if non-interacting
mixed-state physical systems (blurred circles) are included in
each qubit system (grey dashed boxes). Right: Non-trivial
mixed-state qubits described in this work that consist of mul-
tiple interacting physical systems, neither of which is pure.
the necessity of ground-state cooling. Instead, TQP
qubits are initialised by nondemolition parity measure-
ment. Despite certain relationship, nondemolition parity
measurement and ground-state cooling are two distinct
physical processes that have different implementation re-
quirements [49]. In certain situations, TQP encoding
could relax the requirements imposed by ground-state
cooling.
In some systems, such as the dispersively interacting
transmon qubits and cavities [50], the qumode and the
auxiliary qubit are coupled through the second order hy-
brid interaction,H2 = λZˆAaˆ
†aˆ, where λ is the interaction
strength. Because H2 is diagonal in the Fock basis, the
qumode cannot be dissipatively cooled even if the aux-
iliary qubit can be arbitrarily manipulated. Additional
qumode control that is off-diagonal in the Fock basis,
such as a displacement operator, is required. On the
other hand, initialising a TQP qubit by the parity mea-
surement in Eq. (3) requires only applying H2 for time
t = π/2λ, and then projectively measuring the auxiliary
qubit. Therefore TQP encoding relaxes the requirement
of off-diagonal qumode control.
For a wider range of CV systems, such as trapped ions
[5] and mechanical oscillators [51], the prominent hybrid
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FIG. 3. If the implementation of Cˆ in Eq. (3) is inexact, the
qumode state becomes ρ± for auxiliary qubit measurement
outcome |±〉A. Logical qubit fidelity of the state ρ− ⊗ ρ+,
which is defined as F ≡ Tr
(
ρ+(ˆI + Pˆ)
)
Tr
(
ρ−(ˆI − Pˆ)
)
/4, is
shown for initial thermal states with different mean excita-
tion 〈n〉. Here Cˆ is engineered by repeating the sequence in
Eq. (5) for 50 times (η = 0.022, dashed), 100 times (η = 0.016,
dotted), and 200 times (η = 0.011, solid). The inaccuracy
is mainly induced by the unwanted high order interaction
∝ η4(aˆ†aˆ)2. Ground state fidelity of the thermal state is also
shown for representing pure-state qubit fidelity (grey dashed).
interaction is at the first order, i.e., H1 = ηνσˆA(aˆ+ aˆ
†),
where ν is the qumode frequency; η is the effective Lamb-
Dicke parameter [32]. The desired operation of Cˆ can be
engineered by concatenating the dynamics under H1, to-
gether with other controls of the qumode and the auxil-
iary qubit [52]. Particularly in the weak coupling regime,
η ≪ 1, we find a sequence that approximates the dynam-
ics of H2:
(
e−i
pi
2 aˆ
†aˆDˆ(−XˆA2η)Dˆ(−YˆA2η)Dˆ(XˆA2η)Dˆ(YˆA2η)
)4
≈ exp (− i64η2ZˆA(aˆ†aˆ+ 1/2)
)
+O(η3) , (5)
where Dˆ(α) ≡ exp(αaˆ† − α∗aˆ) is the displacement op-
erator. This sequence can be implemented by the free
evolutions under H1, and rapidly rotating the auxiliary
qubit (details in Appendix III). The validity of this se-
quence is numerically verified by simulating the parity
measurement in Eq. (3) (See Fig. 3).
If the sequence (5) is implemented on a qumode that is
interacting with a high temperature background, we show
in Appendix IV that the initialisation error of a TQP
qubit scales as ǫTQP ∼ Nthη2Q (2〈n〉 + 1), where Q is the
qumode quality factor; Nth is the background thermal
excitation [34].
On the other hand, pure-state qubits are most effi-
ciently initialised by resolved-sideband cooling, which re-
quires the engineered decaying rate (Γdc) and dephasing
rate (Γdp) of the auxiliary qubit obey, Γdc,Γdp ≪ ν.
Nevertheless, there are systems that the sideband is not
resolved due to, e.g. the large Γdp induced by the cooling
process. For examples, if the qubit dissipation is engi-
neered by a multi-level system, Γdp could be much larger
than Γdc for some intrinsic system parameters [22]. An-
other example is if the qumode frequency is low, the fre-
quency linewidth of the classical drive, which rotates the
auxiliary qubit, could be broader than the sideband. In
these situations that Γdc ≪ ν ≪ Γdp, the initialisation
error of a pure-state qubit is ǫcool ∼ Nthη2Q
Γdp
Γdc
. Therefore
using the TQP encoding can reduce the initialisation er-
ror, i.e., ǫTQP ≪ ǫcool, when 〈n〉 ≪ ΓdpΓdc .
We note that Eq. (5) demonstrates only the possibil-
ity of implementing TQP encoding with H1, but this se-
quence is not optimised. It is likely that a stronger or
more error-resilient H2 can be engineered by, e.g. op-
erating in the strong coupling regime or using another
sequence of auxiliary qubit rotations, so ǫTQP could be
further reduced.
Benefits– Apart from relaxing some system require-
ments of ground-state cooling, the TQP encoding and
its variants reduce the fundamental initialisation energy.
If a thermal state is viewed as a memory of S(ρth)
bits, ground-state cooling is effectively the erasure of
all memory. According to Landauer’s principle, at the
background temperature T this process requires a min-
imum energy consumption of S(ρth)kBT ln 2, where kB
is the Boltzmann constant [53, 54]. Whereas the mem-
ory erasure in initialising a TQP qubit is accounted for
by the reduction of system entropy, 2S(ρth) − S(ρ0).
The minimum energy consumption is thus
(
2S(ρth) −
S(ρ0)
)
kBT ln 2, which is smaller than that of ground-
state cooling when 〈n〉 & 0.8.
Furthermore, the tensor product structure [55] of a
mixed-state qubit can be mathematically expressed as
ρ|Φ〉 = |Φ〉〈Φ|binary⊗ ρother [39]. A pure logical qubit |Φ〉
is encoded in a binary subsystem, e.g. the two-qumode
parity in the TQP encoding, while other degrees of free-
dom are in mixed states and uninvolved in the compu-
tation. A state with such tensor product structure is
inherently a noiseless subsystem [56–59] (NS). A NS-
encoded qubit is generally resilient to a wider range of
noise than a pure-state qubit. It is because a NS allows
noises to change the physical state except only the en-
coding subsystem, while a state change implies logical
error in pure-state encodings [58, 60]. Particularly, we
prove in Appendix V that no pure-state encoding can
be the decoherence-free-subspace [61] of both the collec-
tive phase-shift noise, EˆP (φ) ≡ eiφaˆ†aˆ ⊗ eiφaˆ†aˆ, and the
collective squeezing noise, EˆS(ξ) ≡ eξ(aˆ2−aˆ†2)⊗eξ(aˆ2−aˆ†2).
Whereas the TQP encoding is resilient to both noises, be-
cause the logical operators commute with both noise op-
erators, i.e., [EˆP (φ), Iˆ⊗Pˆ] = [EˆP (φ), Sˆ] = [EˆS(ξ), Iˆ⊗Pˆ] =
[EˆS(ξ), Sˆ] = 0.
Conclusion– In this work, we explicitly design a class of
universal quantum computation protocols that can be op-
erated with mixed continuous-variable states. The pro-
tocols are derived from an encoding that the qubit infor-
mation is encoded in the parity of two qumodes. When
comparing with conventional pure-state protocols, the
mixed-state protocols relax the necessity and system re-
quirements of cooling, reduce fundamental initialisation
energy, and are resilient to a wider class of noise. Our
work provides the possibility for implementing universal
quantum computers on the continuous-variable systems
where ground-state cooling is challenging.
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Appendix I: Mixed-State Quantum Computing
Any unitary transformation U can be constructed from
a series of computational steps, U = U1U2 . . ., and each
step can be decomposed into a series of universal logic
gates in Eq. (1),
Uq =
( K∏
k=1
eiφ
[q]
k
ZˆLk
)( K∏
k=1
eiθ
[q]
k
XˆLk
)( K∏
k=2
eiγ
[q]
k
ZˆLk ZˆLk−1
)
,
(6)
where φ
[q]
k , θ
[q]
k , and γ
[q]
k are the rotation angles of the kth
qubit in the qth computational step.
In MSUQC, each physical operation in Eq. (1) can be
expressed as a sum of logical operations in each basis [39].
For example, the mixed-state Pauli-Z rotation, UˆZ(φ
[q]
k ),
can be expressed as
eiφ
[q]
k
ZˆL = cosφ
[q]
k Iˆ+ i sinφ
[q]
k ZˆL
=
∑
n
cosφ
[q]
k Iˆ
(n) + i sinφ
[q]
k Zˆ
(n)
L , (7)
where Iˆ(n) = |ψ(n)0 〉〈ψ(n)0 |+ |ψ(n)1 〉〈ψ(n)1 |. When applying
on a single-qumode state in the nth basis, we get
eiφ
[q]
k
ZˆL |ψ(n)〉 = eiφ[q]k Zˆ(n)L |ψ(n)〉 . (8)
This operation implements a Pauli-Z rotation with angle
φ
[q]
k in the nth basis, and the resultant state is a superpo-
sition of the basis states |ψ(n)0 〉 and |ψ(n)1 〉 only. Similarly
for UˆX(θ
[q]
k ) and UˆZZ(γ
[q]
k ),
eiθ
[q]
k
XˆL |ψ(n)〉 = eiθ[q]k Xˆ(n)L |ψ(n)〉 , (9)
eiγ
[q]
k
ZˆL⊗ZˆL |ψ(n)〉|ψ(n′)〉 = eiγ[q]k Zˆ(n)L ⊗Zˆ(n
′)
L |ψ(n)〉|ψ(n′)〉 .
(10)
The rotation angles are the same for each basis, and the
resultant state remains in the original bases.
In the computational task, the initial state ρ0 =∑
~n p~n|Ψ~n0 〉〈Ψ~n0 | can be viewed as an ensemble of pure
states |Ψ~n0 〉, which each appears with probability p~n. Al-
though ~n = {n1, . . . , nK} is unknown in each computa-
tion, it has been implicitly defined by the initial state
|Ψ~n0 〉, and does not change during the logical operations.
If the projective measurement basis is the same, i.e.,
~n′ = ~n, then the computation is reduced to the pure-
state case, where each qubit is rotated and measured
with respect to a single basis pair. As a consequence,
|〈Ψ~n0 |U|Ψ~n0 〉|2 = A. On the other hand, if the projec-
tive measurement basis is different, i.e., ~n′ 6= ~n, then
|〈Ψ~n′0 |U|Ψ~n0 〉|2 = 0 due to the orthogonality condition
〈ψ(m)i |ψ(n)j 〉 = δmnδij . Combining both results, we have
|〈Ψ~n′0 |U|Ψ~n0 〉|2 = Aδ~n~n′ . (11)
The mixed-state computational task aims to obtain the⊗K
k=1 (ˆILk+ZˆLk) =
∑
~n |Ψ~n0 〉〈Ψ~n0 |measurement probabil-
ity of the transformed state Uρ0U†. The result is given
by Tr
{Uρ0U†(
∑
~n |Ψ~n0 〉〈Ψ~n0 |)
}
=
∑
~n p~n|〈Ψ~n0 |U|Ψ~n0 〉|2 =∑
~n p~nA = A, which is identical to the pure-state case.
Appendix II: Exponential-Parity Gate
We here show the details of implementing exponential-
parity gates in Eq. (2), while the implementation of
exponential-swap can be found in Refs. [40, 45, 46].
We first note that the single-mode and two-mode
exponential-parity gates can be expressed as
eiθPˆ = cos θIˆ+ i sin θPˆ , eiθPˆ⊗Pˆ = cos θIˆ+ i sin θPˆ ⊗ Pˆ
Consider the auxiliary qubit is prepared as |+〉 and a
single-qumode state |ψ〉. The first operation in Eq. (2) is
|+〉|ψ〉 Cˆ−→ 1√
2
|0〉|ψ〉+ 1√
2
|1〉Pˆ|ψ〉
RˆX (θ)−→ 1√
2
(cos θ|0〉+ i sin θ|1〉)|ψ〉
+
1√
2
(i sin θ|0〉+ cos θ|1〉)Pˆ|ψ〉
Cˆ−→ |+〉(cos θ|ψ〉+ i sin θPˆ|ψ〉) = |+〉eiθPˆ |ψ〉 .
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Similarly for the third operation in Eq. (2), any two-
qumode state |ψ1〉|ψ2〉 transforms as
|+〉|ψ1〉|ψ2〉 Cˆ1Cˆ2−→ 1√
2
|0〉|ψ1〉|ψ2〉+ 1√
2
|1〉Pˆ|ψ1〉Pˆ|ψ2〉
RˆX(θ)−→ 1√
2
(cos θ|0〉+ i sin θ|1〉)|ψ1〉|ψ2〉
+
1√
2
(i sin θ|0〉+ cos θ|1〉)Pˆ|ψ1〉Pˆ|ψ2〉
Cˆ−→ |+〉(cos θ|ψ1〉|ψ2〉+ i sin θPˆ|ψ1〉Pˆ|ψ2〉)
= |+〉eiθPˆ⊗Pˆ |ψ1〉|ψ2〉 .
We note that this method can be generalised to
deterministically implement eiθOˆ gate, provided that
controlled-Oˆ gate can be implemented and Oˆ2 = Iˆ.
Appendix III: Interaction Engineering
Consider an auxiliary qubit and a qumode are evolving
freely under the hybrid Hamiltonian
H = νaˆ†aˆ+ νηZˆA(aˆ+ aˆ
†) , (12)
where ZˆA ≡ |+1〉A〈+1|A− |− 1〉A〈−1|A; |± 1〉A are two
orthogonal states of the auxiliary qubit. If the auxiliary
qubit is in one of the ZˆA eigenstates, it is easy to check
that e−iHt| ± 1〉A|ψ(0)〉 = | ± 1〉A(Uˆ±(t)|ψ(0)〉), where
Uˆ±(t) = e
iη2(νt−sin νt)e−iνtaˆ
†aˆDˆ(∓η(eiνt − 1)) . (13)
At t = π/ν, the free evolution operator becomes
e−i
pi
ν
H = e−iπaˆ
†aˆDˆ(ZˆA2η) , (14)
where we have neglected an unimportant global phase.
For simplicity, we assume the auxiliary qubit can be
rotated much faster than the qumode evolution. The
qubit dependence of the evolution operator can be altered
by rotating the auxiliary qubit before and afterwards, i.e.,
Rˆσ
(± π
4
)
e−i
pi
ν
HRˆσ
(∓ π
4
)
= e−iπaˆ
†aˆDˆ
(± i
2
[σˆA, ZˆA]2η
)
,
(15)
where σˆA can be XˆA or YˆA. The operation in Eq. (5) can
be implemented by the sequence
(
e−i
pi
2 aˆ
†aˆRˆY
(− π
4
)
e−i
pi
ν
HRˆY
(π
4
)
RˆX
(− π
4
)
e−i
pi
ν
HRˆX
(π
4
)
RˆY
(π
4
)
e−i
pi
ν
HRˆY
(− π
4
)
RˆX
(π
4
)
e−i
pi
ν
HRˆX
(− π
4
))4
, (16)
which involves free evolutions under Eq. (12), rapid ro-
tations of the auxiliary qubit, and ‘waiting periods’ that
the system evolves only under the bare Hamiltonian,
H0 = νaˆ
†aˆ. If the hybrid interaction strength is con-
trollable, then the waiting period is a free evolution with
η = 0. Otherwise, the hybrid interaction can be cancelled
by flipping the qubit frequently, i.e., for a short time δt,
RˆX(
π
2
)e−iδtH RˆX(−π
2
)e−iδtH ≈ e−i2δtH0+O(δt2) . (17)
Appendix IV: Initialisation error
We consider the qumode is interacting with a back-
ground with excitation Nth. The total state of the
qumode and auxiliary qubit, ρ, evolves according to the
master equation
ρ˙ = −i[H, ρ]+ ν
Q
(Nth+1)D{aˆ}ρ+ ν
Q
NthD{aˆ†}ρ , (18)
where H is the system Hamiltonian; the dissipation su-
peroperator is defined as D{Oˆ}ρ ≡ OˆρOˆ† − 12 Oˆ†Oˆρ −
1
2ρOˆ
†Oˆ. The master equation can be rewritten in the
quantum jump formalism [62, 63]
ρ˙ = −i(Heffρ− ρH†eff) +
ν
Q
(Nth + 1)〈n〉
( aˆρaˆ†
〈n〉
)
+
ν
Q
Nth(〈n〉+ 1)
( aˆ†ρaˆ
〈n〉+ 1
)
, (19)
where the non-Hermitian Hamiltonian Heff = H −
i 12
ν
Q
(Nth + 1)aˆ
†aˆ − i 12 νQNthaˆaˆ†, and 〈n〉 = Tr(aˆ†aˆρ).
For a short time dt, the probability of quantum jump
is (2Nth〈n〉+Nth+ 〈n〉) νQdt. In the pessimistic scenario,
we regard a quantum jump must induce logical error in
initialising a TQP qubit. The total initialisation error is
thus the total probability of quantum jump during the
implementation of Cˆ in the parity measurement (3).
The sequence (5) approximates the second order hy-
brid interaction, i.e., H ≈ H2. The total duration of
each sequence (5) lasts for t = 18π/ν, so the effective H2
interaction strength is λ = 329 η
2ν. The total implementa-
tion time of Cˆ is t = π2λ = 9π64η2ν , so the total probability
of quantum jump is
ǫTQP ≈ (2Nth〈n〉+Nth + 〈n〉) 9π
64η2Q
∼ Nth
η2Q
(2〈n〉+ 1) ,
(20)
for Nth ≫ 〈n〉 & 1.
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On the other hand, the system Hamiltonian for per-
forming dissipative cooling is
Hcool =
∆
2
ZˆA +
Ω
2
XˆA + νaˆ
†aˆ+H1 , (21)
where ∆ and Ω are detuning and Rabi frequency of the
field that drives the auxiliary qubit. The auxiliary qubit
is also engineered to be dissipative [22], i.e., two extra
terms are added to the master equation (18)
ΓdcD{|g〉〈e|}ρ+ 2ΓdpD{|e〉〈e|}ρ , (22)
where |g〉 and |e〉 are the ground state and excited state
of the auxiliary qubit.
Because the pure-state qubits are initialised from the
ground state, the initialisation error is closely related to
the occupation of the ground state. Particularly, ǫcool ≈
〈n〉f , when the final excitation after cooling 〈n〉f ≪ 1.
When the optimal system parameters are available, the
maximum cooling rate is Γ˜c ∼ η2ν2/Γdc, where the decay
rate satisfies Γdc ≪ ν in the resolved-sideband regime
[34]. The final excitation is given by the equilibrium of
heating and cooling rate, i.e.,
ǫcool ∼ Nth
η2Q
Γdc
ν
. (23)
Although ǫTQP > ǫcool in the resolved-sideband regime
if TQP encoding is implemented by the sequence (5),
obtaining the scaling of optimal cooling rate requires the
dephasing rate is at most at the order of the decay rate,
i.e., Γdp . Γdc. In some situations, the implementation
of cooling could induce a large dephasing rate that the
sideband is not resolved, i.e., Γdc ≪ ν ≪ Γdp. By using
standard analysis of dissipative cooling [21, 26, 34, 36],
and considering only the leading order terms, we obtain
the cooling rate
Γ˜c ≈ 4η
2ν2ΓdcΓdp∆Ω
2
ν(Γ2dp +∆
2 +Ω2)(Γdc(Γ2dp +∆
2) + ΓdpΩ2)
.
(24)
After optimising the system parameters, we find that the
maximum cooling rate is Γ˜c ∼ η2νΓdc/Γdp, so the final
excitation of cooling is
ǫcool ∼ Nth
η2Q
Γdp
Γdc
. (25)
We note that the large Γdp might not significantly af-
fect ǫTQP. It is because in the sequence (5) the auxiliary
qubit is dephased only when it is rotated, but not during
the free evolution. The dephasing error can thus be sup-
pressed by reducing the rotation time, i.e., using a large
Rabi frequency.
Appendix V: Noiseless Subsystems
If a pure-state encoding state |ψ〉 is resilient to both
the two-qumode collective phase noise and two-qumode
collective squeezing noise, it must satisfy
EˆP (φ)|ψ〉 = eiµP (φ)|ψ〉 and EˆS(ξ)|ψ〉 = eiµS(ξ)|ψ〉 ,
(26)
where φ and ξ are respectively the phase-shift noise and
squeezing noise parameters ; µP (φ) and µS(ξ) are global
phases that do not decohere the quantum information.
Differentiating both equations with respect to the noise
parameters, we have
(aˆ†1aˆ1 + aˆ
†
2aˆ2)|ψ〉 = (∂φµP (φ))|ψ〉 , (27)
(aˆ21 − aˆ†21 + aˆ22 − aˆ†22 )|ψ〉 = (i∂ξµS(ξ))|ψ〉 , (28)
where we have assumed |ψ〉 is encoded by qumodes 1 and
2. Because the qumode operators and |ψ〉 are indepen-
dent of the noise parameters, ∂φµP (φ) and i∂ξµS(ξ) are
independent of φ and ξ. Then Eqs. (27) and (28) imply
that |ψ〉 has to be a simultaneous eigenstate of aˆ†1aˆ1+aˆ†2aˆ2
and aˆ21 − aˆ†21 + aˆ22 − aˆ†22 .
aˆ†1aˆ1 + aˆ
†
2aˆ2 is the total excitation number operator of
the two qumodes. Its eigenvalues and eigenstates can be
easily found as M and {|M −m〉1|m〉2}, where M is any
non-negative integer andm = 0, . . .M . These eigenstates
constitute the decoherence-free subspaces of the collec-
tive phase-shift noise [61]. Any state satisfying Eq. (27)
must be expressed as |ψ〉 = ∑Mm=0 cm|M −m〉1|m〉2 for
a fixed M . However, Eq. (28) is violated for non-zero
i∂ξµS(ξ), because the qumode operators on the left hand
side do not preserve the total excitation number.
The only remaining situation is i∂ξµS(ξ) = 0, i.e.,
(aˆ21 − aˆ†21 + aˆ22 − aˆ†22 )
M∑
m=0
cm|M −m〉1|m〉2 = 0 . (29)
By considering the components |M+2〉1|0〉2 and |0〉1|M+
2〉2, we can deduce c0 = cN = 0. Then Eq. (29) is reduced
to
(aˆ21 − aˆ†21 + aˆ22 − aˆ†22 )
M−1∑
m=1
cm|M −m〉1|m〉2 = 0 . (30)
By induction, it can be easily shown that cm = 0 for all
m. As a result, there does not exist a pure-state encoding
state |ψ〉 that is resilient to both the collective phase-shift
noise and the collective squeezing noise.
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